DEGENERATIONS OF THE FROLICHER SPECTRAL SEQUENCES OF 

SOLVMANIFOLDS 
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Abstract. We show that the Frolicher spectral sequence of a complex parallelizable solv- 
manifold is degenerate at E2 term. For a semi-direct product G = C n x j, N of Lie groups 
with lattice r = V x T" such that N is a nilpotent Lie group with a left-invariant complex 
structure and rp is a semi-simple action, we also show that, if the Frolicher spectral sequence 
of the nilmanifold N/F" is degenerate at E r term for r > 2, then the spectral sequence of 
the solvmanifold G/Y is also degenerate at E r term. 

1. Main result 

Let M be a compact complex manifold. The Frolicher spectral sequence Et'*(M) of M is the 
spectral sequence of the C- valued de Rham complex (A* (M) , d) which is given by the double 
complex (A*'*(M), <9, d). Consider the differential on Et'*(M). We denote 

r(M) = min{r £ N|Vs > r, d s = 0}. 

It is well-known that r(M) = 1 if M is Kahler. In general r(M) = 1 does not hold. Hence we 
can say that r(M) measures how far M is from being a Kahler manifold. We are interested in 
finding non-Kahler complex manifolds which has large r(M). 

Consider a nilmanifold G/T with a left-invarinat complex structure where G is a simply 
connected nilpotent Lie group and T is a lattice in G. In pQ, it is proved that if G/T is complex 
parallelizable then r{G/T) < 2. However in general for arbitrary k 6 N Rollcnske proved that 
there exists a nilmanifold G/T with a left-invarinat complex structure such that r(G/T) > k. 

Considering solvmanifolds, it is natural to expect that we can find wider variety of complex 
solvmanifolds with large r(M) than the case of nilmanifolds. In this paper we consider such 
expectation. 

We extend the result in [I]. We prove: 

Theorem 1.1. Let G be a simply connected complex solvable Lie group with a lattice T . Then 
we have r{G/T) < 2. 

We consider a solvable Lie group G with the following assumption. 

Assumption 1.2. G is the semi-direct product C n N so that: 

(1) N is a simply connected nilpotent Lie group with a left- invariant complex structure J. 
Let a and n be the Lie algebras of C™ and N respectively. 

(2) For any t £ <C n , <p(t) is a holomorphic automorphism of (TV, J). 

(3) 4> induces a semi-simple action on the Lie algebra n of N. 

(4) G has a lattice T. (Then T can be written byT = T' T" such that V and T" are lattices 
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Then in [4], we construct an explicite finite dimensional sub-DBA B*'* C (A*'*(G/T), 8) 
which compute the Dolbeault cohomology H^ * (G/T) of G/T. By this, we can observe that the 
Dolbeault cohomology Hg'*(G/T) varies for a choice of a lattice V. By this, the computation 
of Hg*(G/T) is more complicated than the computation of Htf* (N /T"). We prove: 

Theorem 1.3. Let G be a Lie group as in Assumvtion \1.2\ Then we have: 

• Ifr(N/T") = 1, then we have r(G/T) < 2. 

• Ifr(N/T") > 1, then we have r(G/T) < r(N/T"). 

Corollary 1.4. Let G be a Lie group as in Assumption ] 1 .21 Suppose N is complex parallelizable. 
Then we have r{G/T) < 2. 



In this section we study the homological algebra of finite dimensional DGA like the theory 
of harmonic forms on compact Hermitian manifolds. 

Definition 2.1. (DGA) A differential graded algebra (DGA) is a graded commutative C- 
algebra A* with a differential d of degree +1 so that do d = and d(a ■ (3) — da- (3 + (— l) p a ■ df3 
for a € AP. 

(DBA) A differential bigraded algebra (DBA) is a DGA (A* , d) such that A* is bigraded as 
A r = ® r=p+q A p > q and the differential 8 has type (0, 1). 

(BBA) A bidifferential bigraded algebra (BBA) is a DBA (A*, 8) with another differential d 
of type (1, 0) such that dd + dd = 0. 

Let A* be a finite dimensional graded commutative C-algebra. 

Definition 2.2. A* is of PD-type if the following conditions hold: 

• A* <a — and A — CI where 1 is the identity element of A*. 

• For some positive integer n, A* >n — and A n — Cv for u ^ 0. 

• For any < i < n the bi-linear map A 1 x A n ~ % 3 (a, (3) h- » a ■ f3 g A n is non-degenerate. 

Suppose A* is of PD-type. Let ft be a Hermitian metric on A* which is compatible with the 
grading. Take v G A n such that h(v,v) = 1. Define the C-anti-linear map 5 : A 1 — > A n ~ % as 
a • *0 = h(a, /3)v. 

Definition 2.3. A finite dimensional DGA (A*,d) is of PD-type if the following conditions 
hold: 

• A* is a finite dimensional graded C-algebra of PD-type. 

• dA 11 - 1 = and dA° = 0. 

Let (A* ,d) be a finite dimensional DGA of PD-type. Denote d* = —*d*. 
Lemma 2.4. We have h(da, (3) = h(a, d* (3) for a <E A 1 ' 1 and (3 G A 1 . 
Proof. By dA 11 ^ 1 = 0, we have 



2. Preliminarily: Finite dimensional DGAs of PD-type 



da ■ *(3 — d(a ■ *f3) 



(-1) 



a - {d*(3) = {-l) p a- {d*(3) 



= a ■ (** 



d*/3) 



Hence we have 



h(da, j3)v 



h(a, d* (3)v. 



□ 
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Define A = dd* + d*d. and H*(A) = ker A. By Lemma \2 .41 and finitcness of the dimension 
of A*, we can easily show the following lemma like the proof of jlO[ Theorem 5.23]. 

Lemma 2.5. We have the decomposition 

A p = U P (A)@ A(A P ) = U p (A)®d(A p ~ 1 )®d*(A p+1 ). 

By this decomposition, the inclusion T-L*(A) C A* induces a isomorphism 

H P (A) = H P (A) 

of vector spaces. 

Lemma 2.6. Let {A* , d) be a finite dimensional DGA of PD-type. Then the cohomology algebra 
H* (A) is a finite dimensional graded commutative C-algebra of PD-type. 

Proof. Since the restriction * : % t (A) — > H n ~' l (A) is also an isomorphism, the linear map 
W{A) x n n ~ l (A) 3 (a, 0) -> a ■ f3 G H n (A) = A n is non-degenerate. Hence the lemma follows 
from Lemma 12.51 □ 

Lemma 2.7. Let (A*,d) be a finite dimensional DGA of PD-type and B* C A* be a sub-DGA 
of PD-type. Then the inclusion B* C A* induces an injection 

H*(B*) ^ H*(A*). 

Proof. By the inclusion T-L*(B) C H*(A) the Lemma follows from Lemma \2. 5 1 

□ 

Proposition 2.8. Let (A*'*,d — d' + d") be a finite dimensional BBA such that (TotA*'*, d' + 
d") is a finite dimensional DGA of PD-type. Let B*'* C A*'* be a sub-BBA such that 
(Tot B*~*d' + d") is a finite dimensional DGA of PD-type. Consider the spectral sequences 
E%'* (A*'*) and Et'*(B*>*) given by the BBA- structure. Then for each r, TotE*'*(A) and 
TotE*'* (B) are finite dimensional DGAs of PD-type and the inclusion B*'* C A*'* induces 
an injection Ep*(A*<*) ^ E*'*(B*<*). 

Proof. We will prove the proposition inductively. By the assumption TotE^'* (A*'*) = (TotA*>*,d") 
and TotE*'*(B*>*) = (TotB*'*,d") are finite dimensional DGAs of PD-type. Suppose that for 
some r TotE*<*(A) and TotE*'*(B) are finite dimensional DGAs of PD-type and the inclusion 
B*'* C A*'* induces an injection E*'*(A*'*) C Ep*(B*'*). Since we have H* (TotEp* (A)) S 
TotEp+^A) and H* (TotEp* (B)) ^ TotEp^B), by Lemma HU and [13 TotEp^A) and 
TotEpp 1 (B) are finite dimensional DGAs of PD-type and the induced map Ep^^A*'*) — s- 
Epp 1 (B*-*) is injective. 

□ 

3. Proof of Theorem 11.11 

Let G be a simply connected solvable Lie group. Denote by g+ (resp. g_) the Lie algebra of 
the left-invariant holomorphic (anti-holomorphic) vector fields on G. As a Lie algebra we have 
an isomorphism g + = g_ by the complex complex conjugate. Let N be the nilradical of G. We 
can take a simply connected complex nilpotent subgroup C C G such that G = C ■ N (see [3]). 
Since C is nilpotent, the map 

C 3 c h-> (Ad c ) s G Aut(g+) 

is a homomorphism where (Ad c ) s is the semi-simple part of Ad s . Denote by f\ (resp. f\Q*_) 
the sub-DGA of (A*'°, d) (resp. (A '* , d) which consists of the left-invariant holomorphic (anti- 
holomorphic) forms. As a DGA, we have an isomorphism between (/\$* + ,d) and (f\3*-,d)) 
given by the complex conjugate. 
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We have a basis Xi,. .., X n of q+ such that (Ad c ) s = diag(ai (c), . . . , a n (c)) for c e C. Let 
be the basis of g* + which is dual to Xi,...,X n . For a multi-index / = {ft, . . . , i p } 
we write xi = A • • • A Xi p , and a/ = • • • ai p . 

Theorem 3.1. (0 Corollary 6.2 and its proof]) Lei 5f be the subcomplex of (A°'*{G/T),8) 
defined as 




Then the inclusion -Bf C A '* (G /T) induces an isomorphism 

H*{B^) H°'*(G/T). 

By this theorem, since G/r is complex parallelizable, for the DBA (Afl+ ® Bp, 3), the 
inclusion /\ rj* (g) Bp ci*'* induce an isomorphism 

f\B* + ®H*(B£) £ H*>*(G/T). 
We consider the weight decomposition 

A«+ = ©^ 

of the action 

C9m(Ad c ) s g Aut(/\ fl *). 

Then we have 




and hence 

Regard /\ q* + ®B^ as a BBA (/\ q* + ®B^, 9, 9). Then for each Uk the double complex {vk f\ Q* + )® 
(J-Vp fe ) is the tensor product of f\g* + ,d) and ( J- V Pfc , d). By the Kiinneth theorem, the spec- 
tral sequence of the double complex of a tensor product of two cochain complexes is degenerate 
at Ei term. Hence Theorem 11.11 follows . 

4. Proof of Theorem 11.31 

Let G be a Lie group as in Assumption 11.21 Consider the decomposition nc = n 1: ° © n ' 1 . 
By the condition (2), this decomposition is a direct sum of C n -modules. By the condi- 
tion (3) we have a basis Y%, . . . , Y m of n 1,0 such that the action cj> on n 1 ' is represented by 
(j)(t) = diag(ai(£), . . . , a m (t)). Since Yj is a left-invariant vector field on N, the vector field ctjYj 
on C" t<0 N is left-invariant. Hence we have a basis Xi, . . . , X n , ctiYx, . . . , a m Y m of g 1,0 . Let 
x\, . . . , x n , a^ l yi, . . . , a^ym be the basis of f\ 1,0 g* which is dual to X\, . . . , X n , a{Y\, . . . , a m Y„ 
Then we have 

p,q p q 

= ■ ■ ■ , In.aiVi ■ • • , a 7nym) ® A^ 1 ' • ■ • ' ^n, a^ 1 ?/!, . . . , «^y m ). 

Lemma 4.1. ([3]) There exist the unique unitary characters Pi and ji on C™ suc/i £/ia£ ai/3" 1 
and cry^ - 1 are holomorphic. 
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Theorem 4.2. (gj Corollary 4.2]) Let B*>* c A*>*(G/T) be the subDBA of A*>*{G/T) given 
by 

^ j yjyj « l the restriction of /3j7l on T is trivial / 

T/ien t/ie inclusion B*'* C A*'*(G/r) induces a cohomology isomorphism 

H*^*(B*'*) = H^*(G/T). 

Remark 1. By the construction (B*'*,d) is a sub-DBA of the DBA (A*'*(C n ©n)c, 9). However, 
considering the differential 9, (B*<*,d, 8) is not a sub-BBA of the BBA (/\*'*(C™ © n)£, d, 8) 

The action </> induces the action of C n on the BBA (/\*'* n£,d, 5). We consider the weight 
decomposition 

Mi 

of this action. Then each A Mi is a sub-Double-complex of /\* : * nj- Let B* * be the DBA as in 
Theorem 14.21 Then we have 

where A^ are unique unitary characters such that are holomorphic. If (/ij)i r = 1, then /Xj 

is unitary and so \i = (Mi- If (Mi)|r 7^ 1 an( ^ (^i)lr = 1j then A^/i^ 1 is a non-trivial holomorphic 
character. Consider the double-complexes 

c *-*= A C "®^ 
(w)i r =i 

and 

(^)| r ^l,(A«)| r =l 

Then we have 

Consider the spectral sequences E*'*(B), E*'*(C) and E*'*(D) of the double complexes £?*■*, 
C*'* and D*>* respectively. Then we have 

(Mi)l r ^l,(A 4 )| r =l 

Since is a non-trivial holomorphic character, we have Hp* (Xi/j,^ 1 f\C n ) — and so we 

have 

£ 2 *.* (£>) = ^((A^r 1 A c ") ® ff 8*(^)) = o. 

(Mi)l r ^l.(Ai)| r =l 

Hence we have: 
Lemma 4.3. 

El'*{B) = E* 2 '*{C). 

Remark 2. By this lemma and the property of spectral sequence (see (8J Theorem 3.5]), we 
have an isomorphism H* (TotC* : *) = H*(G/T). This isomorphism also follows from the result 
in 0. 
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Now we have C*'* C A( c ™ © n )c- Since we nave 

\I\ + \K\=p, \J\ 



C p - q = { xi A yj A x K A y L 



\L\ = Q 



the restriction of ctj'o 



' ■ 1 on r is trivial 



C*'* is closed under wedge product and we have *(C* : *) C C*'* where * is the Hodge star 
operator of the left-invariant Hermitian metric 



X1X1 H h x n x n + y 1 y 1 H h y m y m 

on C™ x N. Hence TotC*'* is a finite dimensional DGA of PD-type. By Proposition 
have an inclusion E r (C) <-t E r (/\(C n ® n)* c ). By Theorem [4721 and [4731 we have 

E r {G/T) = E r (B) = E r (C) 

for r > 2. Hence we have an injection 

E r (G/T) ^ E r {f\(C n ®n)* c ). 

This implies the Theorem. 



we 



5. Examples and remarks 



In this section we notice: 



Remark 3. Consider a Lie group as Assumption 11.21 

• There exists an example G/T such that r(G/T) = 2 but N/T" 

• There exists an example G/T such that r(G/T) < r(N/T"). 



Example 1. Let G — C C 2 such that </>(x - 



e x 
e~ a 



Then for some a € 



the matrix 







is conjugate to an element of SL(2, Z). Hence for any ^ b e R we 

have a lattice T = (aZ + b^YL) k T" such that V" is a lattice of C 2 . 

If 6 = 27r, then the Dolbeault cohomology H*'*(G/T) is isomorphic to the Dolbeault coho- 
mology of the complex 3-torus (see [1]). In this case we have 

dim H*{G/T) = 2 < 6 = dim H±'°(G/T) + dim i^'°(G/L). 

This implies r(G/T) > 1. Hence the first assertion of Remark [3] follwos. 

Remark 4. In [6], in case N is abelian we give a condition for r(G/T) = 1. 

Example 2. Let G — C tK^ N such that 



TV = 



and ^ is given by 



■It) 



We have a lattice 



/ 1 z 

1 



\0 



±z 2 

2 f 
z 

1 







z 


if 2 

2 Z 


w \ 





1 


z 










1 


z 


V o 








1 / 


w ^ 




f 1 




V 







] 


z 







( 


i y 




V o 


( 


r 


= (z + V 





z, w, u> e C 



2 e 
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such that 



r" 



/ 1 z 

1 



\ 



2 f 
z 

1 





10 
V 

z 

1 / 



z,v,w £ (Z + 



-1Z) 



-It, y\ = dz, j/2 = dv — zdz 



Then G is a Lie group as Assumption 11.21 and we have xi = ds 4 
and j/3 = dw + zdv — \z 2 dz where Xi, yi are as Section 0] We have dy\ = 0, dy 2 = j/i A ?7i, and 
^2/3 = yi A j/2- It is known that r(N/T") > 3 (see [H Example 1]). The second assertion of 
Remark [3] follwos from the following proposition. 

Proposition 5.1. W^e /lave r(G/T) = 1. 

Proof. Since G/T is real parallelizable, we have 



^(-l) fc dimir(G/r) =0 



and 



k=0 



(4,4) 



J2 (-l)^ g dimi?|^(G/r) = 

(p,g)=(0,0) 

by the Hirzebruch-Riemann-Roch theorem. Hence by the Poincare Duality and Serre Duality, 
it is sufficient to show the equations 

dimiJg °(G/r) + dimH° A (G/T) = dim H 1 (G/T), 
dimffJ'°(G/r) + dimffg'^G/r) + dimiJ°' 2 (G/r) = dimtf 2 (G/r), 



di mj ff|'°(G/r) +dimff|' 1 (G/r) +dimi?g' 2 (G/r) +dimiJg 3 (G/r) = dimi? 3 (G/r). 
We consider B*'* as Theorem 14.21 We have an isomorphism H*'*(G/T) = H*^* (B*'*). 



also have H*(G/T) H*(TotB*'*) Then we have 

B 1 ' = (x u 2/2), B ' 1 
B 2fl = (xiAy 2 , 2/1 A 2/3), B 0,2 



a 

(xi, §2}, 

(xi A 2/2, m A 2/3), 



We 



B ' = (xi A xi, xi A 2/2, 2/1 A 2/1, 2/1 A 2/3, 2/2 A x x , 2/2 A 2/2, 2/3 A 2/1, 2/3 A 2/3), 
£ 3 <° = (xi A 2/1 A 2/3, 2/1 A 2/2 A 2/3), B°< 3 = (5i A 2/1 A y 3 , 2/1 A y 2 A 2/3), 



B 2 ' 1 = {XiAyiAyi, x\Ay 1 Ay 3 , XiAy 2 Ax x , xiAy 2 Ay 2 , x x Ay 3 Ayi, x x Ay 3 Ay 3 , yiAy 2 Ay x , yiAy 2 Ay 3 

2/1 A 2/3 A zi, 2/1 A 2/3 A 2/2, 2/2 A 2/3 A 2/1, 2/2 A 2/3 A 2/3), 



B ' = (xi A x x A 2/2, xi A 2/1 A 2/3, 2/1 A xi A 2/1, 2/1 A Xi A j/ 3 , 2/1 A 2/1 A y 2 , 2/1 A 2/2 A 2/3 



2/2 A Xi A 2/2, 2/2 A 2/1 A 2/3, y3 A X12/1, 2/3 A xi A 2/3, 2/3 A 2/1 A 2/2, 2/3 A 2/2 A 2/3)- 



We compute 



frt'°(G/T) = (M), iff (G/r) = ([xr], [2/2]), 



rr2,0 
^5 



0, H 1 / 



([X! A 2/2], [2/1 A 27 3 ], [2/3 A 2/1]), #°' 2 = ([j7i A y 3 ]), 



Hg = ([2/1 A 2/2 A 2/3]), Bg' = ([xi A 2/1 A 2/3], [2/1 A 2/2 A 2/3]), 
ill* 1 = ([xi A 2/1 A 2/3], [xi A 2/3 A 2/1], [2/1 A 2/2 A y 3 ], [y 2 A 2/3 A 2/1]), 



#s»' 2 = ([xi A xi A 2/2], [xi A 2/1 A 2/3], [2/1 A xi A 2/3], [2/1 A y 2 A y 3 ], [y 3 A x 1 A 2/1], [2/3 A 2/1 A 2/2)- 



s 
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We also compute 

H 1 (G/T) = ([x 1 ], [ii], [y 2 + y 2 ]), 
H 2 {G/T) = ([xi A Xi], [yi A y 3 ], [y 2 A y 2 - yi A y 3 + Vl A y 3 ], [ys A yi]), 

H Z (G/T) = ([yi A ?/2 A y 3 ], [xi A yi A y 3 ], [xi A y 3 A y x ], [yi A y 2 A y 3 ], [j/2 A y 3 A yi], 
[y 3 A xi A yi], A y 2 A xi + xi A x x A y 2 ], [yi A x\ A y 3 ], 
[xi A y 2 A y 2 - xi A yi A y 3 + xi A yi A y 3 ] , [yi A y 2 A y 3 ] 
[-y 2 A xi A y 2 - xi A yi A yi + yi A y 3 A xi], [y 3 A yi A y 2 ], [yi A y 2 A y 3 ]). 
By these computations, we have 

dim.ffg ,0 (G/r) + dimH° A (G/T) = 3 = dimH^G/T), 
dim Hf°{G/T) + dim Hg' 1 (G/T) + dim H% 2 (G/T) =4 = dimH 2 (G/T), 
dim H 3 B fi {G /T) + dim H 2 ' 1 (G/T)+ dim H^ 2 (G/T) + dim H /{G/T) = 13 = dimH 3 {G/T). 
Hence the proposition follwos. □ 
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